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gh#ig :}<
sKhZM9VYM?v>XjM?tqp^>L+sKqFpXhZM?sfhjM?VZM#v2XjqlXZa^Fv ^Fh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HIfM?v  M\p#^FvKVYXZhjeKpXiqXZIKhZM?MG`M#>M#`KVYXZhjeKpXZefhjMFHIfM«KhuVmXi`M#>M#`WadVDqFhuqlsfI`bavf¬)abvKXZIfM Θ
(
m
lg2 m
)
VZL¡ql``fXjhZadqlvf>ef`dqCXZa^Fv_V#>^FhiL+^FhjM\sfhjM?p#aVZM#`U+q¢L¡qls­)VYavKp#MXZIfMhZM?`qlXZaFM\^>hjtfM#hi^F­vfM#aFI)]-^FhuViqlhj^Fefv_t[q
VZL¡ql``lXjhZadqlvf>ef`dqCXZa^FvQL¡qCXZXZM#huV?HIfadV­L¡qls¢adVp#`q>VZVZadp#ql``U\hZM?sfhjM?VZM#v2XZM9t  abXZIs_^>abv2XZM?hjV­^lfVYaip#M O(lg m) qFvKt¡av)abM  ^l­abXjVGv)efL]-M#h¦^l­vf^WtWM9V#)abXGe_VYM9VqVZef]W£Ê`abvfM9qlhGVmXj^FhuqlFM>HIfMQVYM9p^>vKt¡`M#FM?`_p#^FvKVZaVYXjV¦avq[L¡qls`abvK¬2avf+XjIfM¢XZav)UXjhZadqlvf>ef`dqCXZa^Fv_V#DHIfM¢vf^WtWM9V^lXZIKaVL¡qFsqFhZM>hZ^>efs_M9t$q>p#p#^FhutWabvKXj^+XZIfM
VZL¡ql``-XZhjaqFvfFef`dqCXjab^>vXjIfM#U]-M#`^FvKKDHIfadVql``b^  V¦XZ^+eKVZM`b^Wp?ql`s_^>abv2XjM#huV¦^FVZa%p?M O(lg lg m) XZ^¡VYXZ^>hZMq>t0kYqFp#M#vKp#abM9VD]-MX  M#M#vXZav2UXZhjadqlvf>ef`qlXZa^FvKV? DM?hYXjap#M?V¦^Fv+XjIfMo]-^Fefv_tfqlhjU^F XZav2UXZhjadqlvf>ef`qlXZa^FvKVqlhjMp#^F`^FhjM?ttWM#s-M#v_tWabvK^Fv¤XjIfMv)efL]-M#h^lXZav)U©XjhZadqlvKFef`dqCXjab^>vKVQXZIfM?U|]-M#`^FvK>V?HIfM$p^FL]favKqCXj^FhjaqF`
avW ^>hZL¡qCXjab^>v^lq
Xjabv)U+XZhjadqlvf>ef`qlXZa^FvadVGvf^lXM§Wsf`adpabXZ`UVmXj^FhjM?tqlX¦XjIfadVGVZM?p#^FvKt`bM?FM#`5  M¦kmeKVYX\VmXj^FhjMqs_^>abv2XZM?hoXj^XjIfM
XjIfabhut`M#>M#`m¦XjIfMp?qCXuql`^F^FDqF`b`s-^>VjVYa]f`M
XZav)UXZhjaqFvfFef`dqCXjab^>vKV?\HIfMp#^F`^Fhjabvf¡^F
XjIfM¡]-^FefvKtKqlhjU^lqXjabv)U©XZhjaqFvfFef`dqCXjab^>v©adV¢ql`dVY^M?vKp^WtWM9tXjIfhZ^>efFI¤qs_^>abv2XjM#hXZ^qp?qCXjqF`b^>$^FGqF`b`
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 huqlL+M  ^Fhj¬IKqFVDVZ^FL+MVYaL+ab`dqlhjaXmU  aXjIsfhjM#)a^FeKV
 ^Fhj¬ ^FhXjhZM?M?V :}#z<ÊIK^  M?FM#hXZIKMp^FL]favKqCXj^Fhjap?Vo^Fp#^FL]KabvfavfXZav)UXZhjadqlvf>ef`qlXZa^FvKVQav2XZ^q]fabXjhZadqlvKFef`dqCXjab^>v¡aVVZab>vfa«-p#qlv2Xj`bU+L+^FhjMoav)F^F`FM9t G>Ùv$sKqlhZXZadpeK`qFhXjIfMoq>pXGXZIKqlX  MoI_q0FM\Xj^qF`b`^  ^Fefh
qsf`dqlvKqFhxr\XZav)UXZhjaqFvfFeK`qlXZa^FvKVoXZ^IKq0FM+qlvqlhj]fabXZhuqlhjab`Up^FL+sf`M§]-^FeKvKtfqlhjUp#qFeKVZM?VQ^FefhhjM#sfhjM?VZM#vf£
XuqCXjab^>vXZ^[]-MQ^>sWXZaL¡ql` av$VZsKqFp#M^>vf`U+ ^FhGXZIfM¢p#`q>VZV¦^lsf`qFvKqlh¦XZhjadqlvf>ef`qlXZa^FvKV  abXZI]_^>efvKtfqFhZUmXZIfM
tf^FL+abv_qlv2X\XZM?hZL avXZIfMq>VYU)L+sWXj^lXZadp
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XuqCXjab^>v|adV¢q$r oPL¡qFpuIfavfMF\v_tWM#hXjIfaV
L[^WtWM?`XZIfM¡q>p#pM9VZVqFvKt|qFhZabXZIKL[M#XZadp[^Fs-M#huqCXZa^Fv_VQp?qlv]_M
aL+sf`M#L+M#v2XZM9tabv
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XZaL[M¢^>v  ^FhutfV^FVZa%p?M log2 m
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ov2U©M#`M#L+M#v2Xabv¤qL+M?L[^>hZU  ^Fhutp#qFv©]-M¡qFp#p#M?VjVYM9tav|p^>vKVYXjqlv2XQXZaL+MF­^>vKpM  M+qlhjM>ab>M#v©q
s-^Fav2XZM?h¦Xj^[q  ^Fhutqlv_tqlv$abv2XjM#FM?habvKtfM§avKVYadtWM>iHIfML¡q>puIfabvKM  ^FhutVZa%p?ML¡qlXjpuIfM9VXjIfMsfhj^F]f`M#L
VZaip#MF_abvXjIfMVZM#vKVZMXZI_qCXQq  ^FhutaVo`qFhZ>MM#vf^>efFIXZ^$VmXj^FhjMXZIfM
avfsfefXsfhj^F]f`M#L VYaip#M>¦Me_VYM lg mXj^|tWM?vf^lXjM
dlog2 m + 1e
¥fhj^FL vf^  ^>v­  IfM?v  M  a`b`VZs_M9ql¬ql]-^FefXXZaL+Mp#^FL+sf`M§WabXmU¥^loqlvqF`b>^FhjaXjIfL  MQhjM M#hGXj^XjIfMv)efL]-M#h^lM#`M#L+M#v2XuqlhjU[^>s_M?hjqlXZa^FvKV¦^Fv  ^FhutfV^FVZa%p?M lg m fqlvKt  Ifa`bMVZs-M?ql¬)avf+ql]-^FeWXoVYXZ^>hjqFFM  M¢ql`  q0U)V¦hjM M#hXj^+XZIfM
VZaip#M^lqlv^F]WkmM9pXav$XjM#hjL ^l]fabXjV?
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VYXjqlhZX])UVYM#XYXjabvf¡VZ^FL+Mvf^lXuqCXjab^>vKVGXZIKqlX  ab``­]-M¢eKVZM?t$abvXZIKM¢hZM9VmX^lXZIKaV  ^Fhj¬HIfMavfaXjaqF`QXZhjaqFvfFef`dqCXjab^>vµaVtWM?vf^lXjM?t
T
qlvKt aXuVVZaip#M
m
q  hZ^>LvK^  ^FvµXjIfMVZaip#M©^Fqlv)U
XjhZadqlvKFef`dqCXjab^>v[adViabXjV¦v)efL]-M#h¦^lXZhjadqlvf>`bM9V rµIfM?v¡XZIKM\XZhjadqlvf>ef`qlXZa^Fv
T
adVvK^lXsf`dqlv_qlh9  MotWM#vK^lXZM])U
g
abXjVFM#v)eKV?HIfM  # # XZhjadqlvf>ef`qlXZa^FvKV?^l\VYaip#M]_M#X  M?M#v 1
3
lg2 m
qFvKt
lg2 m
DqlhjMtWM#vf^FXZM9t
ST i
iavKql``UXZIKM &  XZhjaqFvfFef`dqCXjab^>vKV?2^FVZa%p?M]_M#X  M?M#v 1
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lg m
qlvKt 1
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lg m
fqlhjM¢tWM#vf^FXZM9t
T T j
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o`b`Xjabv)U¡XjhZadqlvf>ef`dqCXZa^Fv_V¦VZIKql``]_Msf`dqlv_qlh¦XZhjaqFvfFef`dqCXjab^>vKV  aXjI$^>vfM]-^FeKvKtfqlhjUpUWp#`bM>	o^  M?FM?hq>VoVZef]WXjhZadqlvf>ef`dqCXZa^Fv_V\^l
T
_XjIfM?VZM
Xjabv)UXZhjadqlvf>ef`qlXZa^FvKV  ab``VYIKqFhZM
XZIfM?abhQ]_^>efvKtfqFhZUM?tfFM?V?P^FhjM
sKhZM9padVYM?`bU¤q©]-^FeKvKtfqlhjUM?tW>Mp?qlv]-MVZIKqFhZM9t¤]2U¤X  ^|tfaedM#hjM#v2XXjabv)U¤XjhZadqlvf>ef`dqCXZa^Fv_V
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qlhjMVZIKqlhjM?t])U
T T j
 aXjIq$VZqFL+MXjabv)U
XjhZadqlvKFef`dqCXjab^>v
T T j′
q s-^>VjVZab]f`U  aXjI j′ = j rHIfM
]-^Fefv_tfqlhjU^Fq+Xjabv)U$XZhjaqFvfFeK`qlXZa^FvaVtWab)adtWM?tavXZIfadV  q0Uabvq+pUWp#`badpVYM9c>eKM#vKp#MQ^FVZadtWM?V?
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VZL¡ql``XZhjaqFvfFeK`qlXZa^FvKV ST i qlhjMQVYXZ^>hZM9tavq>hjqFsfI$tfM#vf^FXZM?t F XjIf^>VZM\]-MX  M#M?v¡XZav)UXjhZadqlvKFef`dqCXjab^>vKV T T j av$q
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ST i
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qFvKt
G
qFhZM   5 mqCXDM9qFpuI
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M?`bM?L[M?v2XjVQqlhjMVZ^FhZXZM?tXj^hjM
KM9pXXZIfM+pahjp#ef`dqlhqFhZhuqlvKFM#L+M?v>X\^F
XjIfM
VZatWM9V^lXZIfMXjhZadqlvf>ef`dqCXZa^Fv
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4
lg m
XZhjaqFvfF`M?VadVVYXZ^>hZM9t
av¤qVYXZhjeKpXZefhjM[tfM#vf^FXZM?t
A  Ifa`bM[XjIfM¡VYM#X^FGqF`b`ip#^F`^Fhjabvf$^lq$]-^FeKvKtfqlhjU  abXZI¤`bM9VZVXjIKqlv 1
4
lg m>M#hZXZadpM9V¦adV\VYXZ^>hZM9tavq+VYXZhjeKpXjefhjMp?ql``bM9t
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 	 qlv_t W 
 Xj^
hjM M#hXj^
M?tfFM?VqFvKt>M#hZXZadpM9Vo^FiXZIfM+L¡qls_V
F

G
qlvKt
Gi
qlvKt©¬FM#M?sXjIfM  ^>hjtM9tWFM9VqFvKt|FM#hZXZadpM9Vo^>vf`U ^FhQXZIfM
M9tWFM9VqlvKt$FM?hYXjap#M?VG^l
T
qlvKt$^lXZIKM
VYef]fXZhjaqFvfFef`dqCXjab^>vKV?
øø Âyzx{||
9  V# #@  #i  	= # #%x
 	
U
B + \SDY3HK1'4,.0/UZ .2/ 1$`UD;1$34,HV/^078FHI1'4.0/
VDM§Wsf`dqlavfM9tav[XZIfMsKhZM?2a^Fe_VDVYM9pXZa^Fv[XjIfM\qlaL^F_XjIfaV  ^>hZ¬
adVXj^¢sfhZM9VYM?v2XDq¢p#^FL+sKq>pXDhZM?sfhjM?VZM#v2Xjql£
Xjab^>v
XjIKqCXDql``b^  VXZIKMGe_VYM?hXj^Qq>p#pM9VZVqlv_t
vKq0)a>qCXjMM#¡p#abM?v2XZ`U¢abv[q\XjhZadqlvf>ef`dqCXZa^FvGm ^FhXZIfadVsfefhjs-^>VZM
 MtfM?Vjphjab]-MoIfM?hZMXZIKMQVZMXG^lsfhjaL[abXZaFM^Fs-M#huqCXjab^>vKViXjIKqCXqlhjMVZefsfs-^FhZXZM9t])U+^FefhGhZM?sfhjM?VZM#v2XjqlXZa^Fv¡av
O(1)
XZaL+MF
• Triangle(v)
mhjMXZeKhZvKVqXjhZadqlvf>`bMavKpadtWM?v>XXj^+FM#hZXZM#§
v  
• Index(4, v)
mihZM#XZefhjvKV¦XZIKM¢abvKtfM§$^F>M#hZXZM§
v
abvXjhZadqlvf>`bM
4  
• Neighbor(4, v)
mhZM#XZefhjvKVGXjIfMXZhjaqFvfF`M¢qFt0kYq>pM?v>XXj^
4
^Fsfs-^>VZabXZMQXZ^+FM?hYXjM§
v
^l
4  
• V ertex(4, i)
mDhZM#XZefhjvKVGXZIKM¢FM#hZXZM#§^l
4
^lavKtWM§
i

B +  3'D 4.27UZ\JUHK1$HTZ
1$378PW1'73'DGZ\H /8JQHVF^.3541'`UR ZN7UZ[DGJ
  ¯  ¯ l#? F	 ¯
	  MXieKVDp#^FvKVZatfM#hiqQ]fabXY£ÊFM?pXZ^>h
v = b1 . . . bp
p^>vKVZaVYXZavf^l
p
]faXuViqlv_t
I_q02avf  M#aFI2XuqôXZIKMQv)efL]_M?h¦^F}=r q D|M  ^Fef`dt¡`ab¬>M\XZ^[s-M#hZ ^FhjL ^>v v XZIfM ^F``^  abvf^Fs-M#huqCXZa^Fv_Vm
• Rank1(i)
q hjM?VZs­
Rank0(i)
r¦hZM#XZefhjvKVGXjIfM¢v)efL]-M#h^F¦} q hjM?VZs­Dnr¦XjIKqCXsfhjM?p#M?tWM
bi  
• Select1(k)
q hjM?VZs­
Select0(k)
r¦hZM#XZefhjvKV¦XZIfM¢s-^>VZabXZa^Fv^lXZIfM
k
£5XZI¤} q hjM?VZs­DnrGav
v

M¡vfM#M9t¤qVYXZhjeKpXZefhjM¡ql]f`M[XZ^qlv_V  M#hQXZIKM?VZM+c2efM?hZaM?Vav¥p^>vKVmXuqlv2XQXZaL[M>HIfadVsfhj^F]f`M#L  qFV
q>tftWhjM?VjVYM9tFM?hZULeKpuI|abvtWMXuqla`avXjIfM[`babXZM?hjqlXZefhjMqFvKtp^>L+sKqFpXQVZ^F`eWXZa^FvKVIKq0>M
]_M?M#v|sfhZ^>s_^2VYM9t
q3VYM?M_:}0~o<ÊV:}o9b<ÊV: yb<DqFvKthjMmQXZIKM#hjM#av5r \^  M#>M#hQVYavKpM[VYs_qFpMaVQvf^FXQp#hZabXZadp#qF`qlXXjIfMs-^Fav2X  IKM#hjM
 M[vfM#M9t©qhuqlvK¬lVYM?`bM9pXVmXjhZeKpXZefhjMF  M[p#^Fv2XZM?v2XQ^>efhjVZM#`FM9V  abXZIq$VZabL+sf`M[abL+sf`M#L+M#v2XuqCXZa^Fv|eKVZabvf
O(p lg p)
]fabXjV  IfadpuI  M¢tWM9VZp#hZa]-MQavN)M?pXZa^FvzK
  ¯)¯ W0  ³  	 HIfMtWM?p#^FL+s-^>VZaXjab^>v^lXjIfMavfabXZadql`GXZhjaqFvfFeK`qlXZa^Fv  M  ab``eKVZMaV[]Kq>VYM9t
^>v|qsKqlhZXZabXZa^Fvfavfsfhj^)p#M?tWeKhZM ^Fh^FhutWM#hjM?tXjhZM?M?VtWM9VZp#hZa]_M9tavX:Ö~=<ÊHIfM[L¡qlav©hjM?VZef`X  MvfM?M?t©aV
M#§WsfhZM9VZVZM?t])U¡XZIfM ^>`b`^  avf+`bM?L[L¡qm
¦¯ 
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o`b`s-^>VjVZab]f`MXZhjaqFvfFeK`qlXZa^FvKV[IKq0)avf
i
XZhjaqFvfF`M?V
i ≤ 1
4
lg m
qFhZMFM?vfM#huqCXjM?tqlvKtXZIKM#ah¡M§Wsf`ap#aX
hjM#sKhZM9VYM?v>XuqCXjab^>vKVqlhjM
VmXj^FhjM?t$abvq[Xuql]f`M
A
HIfadVXjqF]f`M¢aVVY^>hYXjM?t$]2U$abv_phjM?qFVZavf¡VYaip#M¢^FXjIfM¢XjhZadqlvW£
>ef`dqCXZa^Fv_V#­VZ^XZIKqlX¢XZIfM+]fabXVYaip#M+^FqFv|avKtWM#§©aVsKhZ^>s_^>hYXjab^>vKql`XZ^XjIfMVYaip#M+^FXZIKMp^FhjhjM?VZs_^>vKtWavf
XjhZadqlvKFef`dqCXjab^>v­>ÙvXjIfMhjM?VYXo^FDXZIfadVVYM9pXZa^Fv  MtfM?Vjphjab]-M
XjIfM^>hZ2qlvfaip?qlXZa^Fv^lDXjIfM[VYXZhjeKpXZefhjM_qVZM#M
qF`VZ^aFefhjM}orqlv_t  Mqlv_ql`U)VZM¢XjIfM[VYXZ^>hjqFFM>oHIfM+p^Fv_VmXjhZeKpXZa^Fv^FiXZIfM+VYXZhjeKpXjefhZMabvVYef]f£5`abvKM?qlhXjabL+M¢adVFaFM?v$av \sfs-M#vKtfa§ f}l
 +,* 0 DGZ!P34SU1$4,.0/ .0] 1'`Dh3'DYS83'DGZ[DG/21$HK1'4,.0/
• A
adVq[Xjql]K`bM^lDVZa%p?M 1
4
lg m
fav  IfadpuIXjIfM i XZIM#`M#L+M#v2XadV\q[s_^>abv2XZM?hXZ^Hql]f`M Ai 
Î ÷ø­ÎôÌ
 
	! "$#%&' ~
A
Ai
all size i triangulations
explicit
representation
1
2
3
4
aFeKhZM+}
m N2XZ^>hjqFFMQ^lql`` XZav)U¡XZhjaqFvfFeK`qlXZa^FvKV
• Ai
adV[qXjqF]f`bMp^>v2Xjqlavfavf©qF`b`s-^>VjVYa]f`MXZhjadqlvf>ef`qlXZa^FvKVIKq0)abvK©M§fq>pXZ`U
i
XZhjaqFvfF`M?V?¤HIfM
j
XjI
M?`bM?L+M#v2XaV\q[s-^Fav2XZM#hXj^qlvM§Wsf`ap#aX\hjM#sKhZM9VYM?v>XuqCXjab^>v
Aexpliciti,j
^lXZIfMXjhZadqlvKFef`dqCXjab^>v
Ai,j

• Aexpliciti,j
p#^Fv2XjqFabvKVGX  ^[«KM#`dtfVom
R
Aexpliciti,j .vertices
aV
XZIfMXjqF]f`bM^lXZIfM$FM?hYXjap#M?V¢^F
Ai,j
 q>puI¥FM#hZXZM#§kmeKVYXp#^Fv2XjqFabvKV
XZIfM
avKtWM#§ª^FqlvµavKpadtWM?v>XXZhjaqFvfF`Mav HqF]f`bM
Aexpliciti,j .triangles
 fGUªp#^Fv)FM?v2XZa^Fv­GXZIKM©]-^FefvKtKqlhjU
>M#hZXZadpM9V¦qFhZM«KhuVmXabvXZIKqlXXjql]K`bM>fqlvKt$VmXj^FhjM?tavXjIfM¢p^>efv2XZM#hZ£Ùp`^)pu¬  adVYMo^FhutWM#hG^lXZIfMQ]_^>efvKtfqFhZU¡^F
Ai,j
f^>ho]-^Fefv_tfqlhjU$>M#hZXZadpM9V#_XZIfMabv_padtWM#v2XQXZhjaqFvfF`MVYXZ^FhjM?tadVhZM9c>eKabhjM?tXj^]-MXjIfM^>vfMavKpadtWM?v>X
Xj^+vfM§)X\M?tfFM^Fv$XZIfM¢]-^FeKvKtfqlhjUF
R
Aexpliciti,j .triangles
aVXjIfMXjql]K`bM^loXZIfMXZhjadqlvf>`bM9V^F
Ai,j
 q>puIXjhZadqlvf>`bMp^>v>XuqlavKVXZIfM
avKtWadpM9V­^F)abXjVFM?hYXjap#M?Vav
Aexpliciti,j .vertices
qlvKt^FWaXuV­vfM?ab>I2]-^FhuV av
Aexpliciti,j .triangles
­HhZadqlvf>`bM9V
^>vXjIfM¢]-^FefvKtKqlhjUIKq0FM "$# # vfM?ab>I)]_^>hjV?
 +&B  1$.3'H ^D HV/HVF  Z!4,Z
¦¯ 
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&	x# # 
O(m0.55)
 g
 o,g
• A
adVq[Xjql]K`bM^lDVZa%p?M 1
4
lg m
^ls_^>abv2XZM?hjV^FVZaip#M
lg m
qlvKt$XjI2e_Vp^>VYXjV
O(lg2 m)

•
p?p^FhutWavf[XZ^+XjIfM¢M#v)efL+M#huqCXjab^>v$hjM?VZef`bXjV^F osfs-M#vKtWab§klW
Ai
aVq[Xuql]f`M¢^l
22.175i ≤ 22.175
1
4
lg ms-^Fav2XZM?hjV^>v
lg m
]fabXjV?WXZI)eKVXZIfM
VYXZ^>hjqFFMo^F
Ai
hjM?c2efahZM9V¦`M?VjVGXZI_qlv
O(22.175
1
4
lg m lg m)
]faXuV#
•
HIfM¢M#§Wsf`badpabXhZM?sfhjM?VZM#v2XjqlXZa^Fv
Aexpliciti,j
m
R
Aexpliciti,j .vertices
qlvKt
Aexpliciti,j .triangles
qlhjMiX  ^\Xuql]f`M?V^l-VYaip#MG`bM9VZVXZI_qlv i ≤ lg m  q>puIM?`bM?L+M#v2Xp^>vKVZaVYXjVabvVZM#>M#huql`iavKtWadpM9V
^l\CqF`befM`bM9VZV
XZIKqFv
i
XjIKqCX+qlhjM¡hZM?sfhZM9VYM?v2Xjql]K`bM  abXZI lg lg m]KaXuV#
HI)eKV\XZIfM  If^F`MVZa%p?M
^lD^>vfM Aexpliciti,j
aV
O(lg m lg lg m)
]faXuVqFvKtXZIKM
XZ^FXjqF`VZa%p?M
^lqF`b`
Aexpliciti,jq>VZVZ^WpadqCXjM?t¡Xj^
Ai
adV`bM9VZVXZIKqFv
O(22.175
1
4
lg m lg m lg lg m)
]fabXjV?
øø Âyzx{||
  V# #@  #i 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avKql``bUXZIfM+Xj^lXjqF`iVYaip#M[ ^>hXZIfM¡VYXZ^Fhuql>M^FGqF`b`Xjabv)UXjhZadqlvf>ef`dqCXZa^Fv_VadV^F]fXjqlavfM9t©])U©VZefL+L+abvf
^C>M#hGXZIKMtfaedM#hjM#v2X\Cql`efM?V^F
i
DHIfadVU)abM?`tKV
O(22.175
1
4
lg m lg2 m lg lg m) = O(m0.55)

    ¡"	 
u
	,
	¢
qCXjM#h\^>v­  M  a`b`vfM#M9tXZ^L¡qFhZ¬VY^>L+M¢FM#hZXZadpM9V^FvXjIfM]-^FeKvKtfqlhjU^Fq[XZav)U$XjhZadqlvKFef`dqCXjab^>v­Kqlv_t
 M  a``tW^XZIfadV  aXjIXjIfMIfM?`bs|^lq]faXFM9pXj^Fh9H^]-M[qF]f`bMXZ^qlvKV  M?hr\qFvf¬ lN)M?`bM9pXc2efM?hZaM?Vavp#^FvKVYXjqFv2XXZaL+M^>v¡XZIKM?VZM]fabXFM?pXZ^>hjV?  Me_VYMQqlvM#§)I_qleKVYXZaFMM#vKp#^)tfabvf^lqF`b`-]fabXY£ÊFM9pXZ^>hjV^lVZaip#M pqFvKt  M?ab>I2X q av+q¢Hql]K`bM B  >Ùv[XZIfMhjM?VYXi^l-XZIKaViVZM?pXZa^Fv  MGsKhZ^C)adtWMGXZIfM\tWM9VZp#hZasWXjab^>v+qFvKt[qlvKqF`bUWVZaV^FXjIfM
VmXjhZe_pXZeKhZM>V>ÊXjVp^>vKVYXZhjeKpXjab^>v$avVYef]f£5`abvKM?qlhGXjabL+M¢adVFaFM?vavNWM?pXjab^>v fº)
U+,* 0 DGZ!P34SU1$4,.0/ .0] 1'`Dh3'DYS83'DGZ[DG/21$HK1'4,.0/
• B
aVGq¢]fab£ÙtWabL+M?vKVYa^Fv_ql`_qFhZhuq0U
^FVYaip#M 1
4
lg m× 1
4
lg m
mM?q>puI¡M#v2XZhjU
B(p, q)
adVGq¢s_^>abv2XjM#h¦XZ^Hql]f`M
Bpq

• Bpq
aVq©Xuql]f`M©p#^Fv2XjqFabvfavf ^Fh+XjIfM
k
XjI ]faXZ£5>M?pXZ^Fh¡^FVZaip#M
p
qlvKt  M#aFI2X q q¤s_^>abv2XZM?h+XZ^qVYXZhjeKpXZefhjM
BRSpqk
qF`b`^  abvK[r\qFvf¬ lN)M?`bM9pXavp#^FvKVYXjqFv2X¦XjabL+MF
• BRSpqk
adVoq¡Xjql]K`bM
^Fi`bM?vflXjI
p  abXZIX  ^¡«KM#`dtfVVmXj^Fhjabvf+XjIfMsKhZM9p^FL+sfefXZM?thjM?VZef`bX\ ^Fh Rank1 qlv_t
Select1
m
R
BRSpqk(i).rank
aVGXjIfM¢v)efL]-M#h^F })XjIKqCX\sKhZM9pM?tfMXjIfM
i
£3XjI$]KaX9
R
BRSpqk(i).select
aVGXjIfM¢s_^2VYabXZa^Fv^FXZIKM
i
£5XZI }WavXZIfM¢>M?pXj^Fh9
U+&B  1$.3'H ^D HV/HVF  Z!4,Z
¦¯ 
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O(m
1
4 lg m lg lg m)
 g
 o,g
• B
adVqXuql]f`M¢^l
( 1
4
lg m)2
s_^>abv2XjM#huV^lDVYaip#M
lg m
WabXjVoVYaip#MadV
O(lg3 m)
]KaXuV#
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 Xuql]f`M^ls_^>abv2XZM?hjVGXj^+vfM#aFI)]-^FhuVm
F addressi,k
aVXjIfM
qFtKtWhZM9VZVG^FXjIfM
kth
vfM#aFI)]-^Fh^l
Fi
av
F

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36(g − 1) lg m + O
(
m
lg m
)  &g
 o,g r\M?p#qF`b`­XZIKqlXoq¡VYL¡ql`` XjhZadqlvf>ef`dqCXZa^Fvp^>v2XjqlavKV]-MX  M#M?v 1
3
lg2 m
qFvKt
lg2 m
XZhjaqFvfF`M?V?)XZI)eKV
L¡qFs
F
IKqFVqlXL[^2VmX
3m/lg2 m
vf^WtWM9V#
• F si
aV`M?VjVXjIKqlv
lg2 m
Kqlv_tXjI2e_VhZM?sfhjM?VZM#v2XjqF]f`bMQ^Fv
2 lg lg m
]faXuV#
•
XjIfM
qFtftfhZM9VZVG^l
Gi
adV\q[s_^>abv2XZM?h^lDVYaip#M]-^Fefv_tWM?t])U
2 lg m + 8

•
s-^Fav2XZM#huVGXZ^+vfM?ab>I)]_^>hjV
F addressi,k
qlhjM¢VmXj^FhjM?t^>v
K ′ lg m
]fabXjVM9qFpuINq
K ′
puIf^2VYM?v]-M#`^  r
N)eKL[L+avf+^Fvql``_XjIfM¢VYL¡qF`b`-XZhjadqlvf>ef`qlXZa^FvKV  M^>]WXjqFabvXZIKqlX¦XjIfM]faX\VZa%p?M^F F adV (2 lg m + 8) ·
3m/ lg2 m + K ′ lg m
∑
i F
s
i
HIfMVYeKL ^FGXjIfM
F si
adV¢XjIfM$VZefL ^lXjIfMtWM?FhjM#M?V
^l\vf^WtWM9V
^l
F

 IKapuIaVoql`dVY^X  ap#M¢aXuVv)efL]-M#h\^FqFhjp?V#
øø Âyzx{||
}0  V# #@  #i  	= # #%x
 	
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w
v
A
explicit
κ,λ
vcw
w
v
0
first vertex
1
01
0
1 0
0 1
0
Rank1(vcw) + 1 = 3
w
v
0
1
1
0
1 0
1
first vertex
0 0
v′cw
1
Select1(3)
A
explicit
κ,λ
A
explicit
κ′,λ′
Select1(5 − 1)
aFeKhZM¢{'m nQ^Favf[XZ^+XjIfM¢vfM#aFI)]-^Fh
>ÙvqlvKqF`b^>FU  aXjI  IKqlX  qFVGtW^>vfMo ^>hXjIfML¡qls G )XjIfMQv2eKL]-M#h^lqFhjp?Vi^F F p#qFv]-MQ]-^FeKvKtWM?tL+^>hZM+sfhjM?p#aVZM#`U©])UXjIfhZM?M¡XZaL+M?V¢abXjV
v2eKL]-M#h
^FvK^)tfM?V?  IfadpuI¤aV¢`M?VjVXjIKqlv 3m/ lg2 m sf`be_V
VYab§XjabL+M9V
XjIfM>M#v)eKV
L+av)eKV
^>vfM^l
F
  IKapuI¥adV]-^FeKvKtWM?t]2U|XZIKMFM?v)eKV
^F T  oVZavfXjIfM]-^Fefv_t
g < 1
2
m + 1
^FvXZIfM¡>M#v)eKV?­XjIfMCql`efM
K ′ = 3
aVVYM?M#vXZ^VjqCXjaVY UXjIfMp^>vKVmXjhjqFabv2XuVQ ^Fh
m ≥ 5

avKql``U¡XZIfMXj^lXuql` ]fabXp^2VmX ^>h
F
adVXZI)eKVom
36(g − 1) lg m + O(m/ lg m)

    ,¡ 
#

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  ¯  ¯ 9W ³  >Ùv^FefhVYXZhjeKpXjefhjMFfqXZhjaqFvfF`M
t
aVhjM#sKhZM9VYM?v>XjM?t]2Uq
XjhZasf`M
(Fi, a, w)
 IfM?hZM Fi aVGq
vK^)tfMo^l F VZeKpuI+XjIKqCX t ∈ ST i  a aVXZIfMQqFtftfhZM?VjVi^F XZIfM Gij abvXZIfML+M?L[^>hZU_p#^FvKM¢^l
Gi
VZeKpuIXZIKqlX
t ∈ T T ij
qFvKt
w
aVXZIfM
avKtWM#§$^FXjIfMXZhjadqlvf>`bM
p#^FhjhZM9VYs-^FvKtfabvfXZ^
t
abv
Aexplicitκ,λ
 IKM#hjM Aκ,λ aVGXjIfMXZhjadqlvf>ef`qlXZa^FvXZ^  IfadpuI Gij s_^>abv2XuV#N)aL+ab`dqlhj`Uq+>M#hZXZM§aVohZM?sfhjM?VZM#v2XZM9t])Uq+XZhjabsK`bM
(Fi, a, v)
 A ]KVZM#hjFMIf^  M#>M#hXjIKqCX\XjIfadV\hjM#sfhjM£VZM#v2XuqCXZa^Fv$aVGvf^FXefvfadc>eKMVZavKpM>)q>VG^Fsfs-^>VZM?tXZ^[XZhjaqFvfF`M?V?)FM?hYXjabM9VL¡q0U¡]-MVZIKqFhZM9t])UVYM?FM?hjqF`KXjabv)U
XjhZadqlvKFef`dqCXjab^>vKV#
 ¯ CW ³  ³ ¨ ¯ #   3W ³  nQaFM?vq$XZhjadqlvf>`bM
(Fi, a, w)
^>h
q$>M#hZXZM#§
(Fi, a, v)
XZIfM
^>s_M?hjqlXZa^FvKV
Triangle

Index
qFvKt
V ertex
p#qFv]_MabL+sf`M#L+M?v>XjM?tM9qFVZab`UNqºkmeKVYXQe_VYMXZIfM[VZqFL[M^FsW£
M?hjqlXZa^Fv$abv
Aexplicitκ,λ
r
HIfM^>vf`bUtWap#ef`XmUaV  abXZI Neighbor((Fi, a, w), (Fi, a, v))  >ÊXjhZadqlvf>`bM w adV+vf^FX+^>vXjIfM]-^FeKvKtfqlhjU ^l
Aexplicitκ,λ
XZIfM?vkmeKVYX«KvKt aXuVvfM#aFI)]-^Fh
w′
qlvKt hZM#XZefhjv
(Fi, a, w
′)
 A XjIfM#h  aVZMFsKhZ^WpM?M?tqFVG ^>`b`^  V
R «_vKtabvXZhjadqlvf>`bM
w
^l
Aexplicitκ,λ
XZIfM¢>M#hZXZM#§
vcw
 ^F``^  abvf v avp`^)pu¬  adVYMQ^FhutWM?hGav w R p^>L[sKeWXZM
l = Rank1(vcw) + 1
abvXjIfM
]fabX>M?pXZ^FhqFVjVY^WpadqCXjM?t$XZ^
Gij
mGabXQVjq0U)VXZIKqlX  MqlhjM^>vXjIfM
l
XjIVZadtWM¢^l
T T ij
q
l = 3
avaFefhjM¢{
r  R p^FL+sfefXZM
l′ = Select1(l)−vcw
maXGVZq0UWVXZI_qCX
vcw
adV
l′
XjI¡]_M# ^FhjMXZIfMM?vKt+^l-XZIfMVYadtWM q
l′ = 1avab>efhZM¢{
r  
Î ÷ø­ÎôÌ
 
	! "$#%&' }9{
R `MX
x = Gaddressi,j,l

y = Gbacki,j,l
qlv_t
z = Gsmalli,j,l  R ab
z > 0
`bM#X
Gi′
]-MXjIfM¡VYeK]fL¡qls©^F
G
s-^Fav2XZM9t|qlXQ])UXZIKM
z
XZI|vfM#aFI)]-^Fh
Fi′
^l
Fi
av
F  ^FXZIfM?h  adVZM`MX Gi′ ]_M¢M9c2eKql`Xj^ Gi  R `bM#X
Gi′,j′
]_MXZIfMvf^WtWM
^l
G
qlXqFtKtWhZM9VZV
x
abvXZIfM
L+M?L[^>hZU p#^>vfM
^F
Gi′
qlvKt
Aexplicitκ′,λ′
XZIfM
Xjabv)U¡XjhZadqlvKFef`dqCXjab^>vabXs-^Fav2XjVqlXq
y = 5
avaFeKhZM¢{W)XjIfM
y
XZIVYadtWM^l
Gi′ ,j′
L¡qCXupuIfM?VGXjIfM
l
XZIVZatWM
^F
Gi,j
r  R `bM#X
v′cw = Select1(y−1)+ l
′
av¡XjIfM\]fabX¦>M?pXj^Fhq>VZVZ^WpadqCXjM?tXZ^
Gi′,j′
mXZIfM?v
v′cw
av
Aexplicitκ′,λ′L¡qlXjpuIfM9V
vcw
abv
Aexplicitκ,λ  R `MX
w′
]_MXjIfMXZhjadqlvf>`bMs-^Fav>XjM?tqCX])U
v′cw
abv
Aexplicitκ′,λ′  
•
hjMXZeKhZvXZhjadqlvf>`bM
(Fi′ , x, w
′)

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Ai
	x x nW  
O(m0.81)
&  og
 o,g oM#hjM  M¢eKVYM
XZIfM¢ ^>`b`^  avf¡hZM9VYeK`XqF]_^>eWXo^>sWXZaL¡ql`p#^WtWabvK¡^lDsf`dqlvKqFhXZhjaqFvfFeK`qlXZa^FvKV:}9yb<m
qXZhjaqFvfFef`dqCXjab^>v  abXZI n >M#hZXZadpM9V
p#qFv¥]_Mp#^WtWM?t¤])U¤q]fabX[VYXZhjabvf^F`bM?vflXjI 4n − 2 qlvKt  M#aFI2X
n − 1

HIfMVZMX+^loHql]f`M?V
Ai
p#qFv]-Mp#^FvKVYXZhjeKpXZM?t]2U¤M?v2eKL[M?hjqlXZavf|qF`b`¦XZIKM$]favKqFhZU  ^FhutfV^FoVYaip#M
4i − 2
qlv_t  M#aFI2X i − 1 av|`M§Wadp^>FhuqlsfIfadp
^>hjtfM#h=m\XZIKaVsfI_qFVZMXuql¬>M?V O((4i
3i
)
i)
XZaL+MFq>tW^FsfXZavfq
>M#vfM?hjqlXZavf+ql`F^FhjabXZIfL  ^>h\p^FL]favKqCXjab^>vKVtWM?Vjphja]_M9tavN:b}>}<0qVZM#M~W fb}> {K D^>`3Dz!r
K^Fh­M9qFpuI^l2XZIfM9VYMD]KabvKqFhZU  ^>hjtKV#  MXjhZUoXZ^\tWM9p^WtWMDabXom­ab)XZIfadV­sfI_qFVZMqFab`dV XjIfM  ^FhutadV ^>hZ>^lXYXjM#v­
A XjIfM#h  adVYMQq¢XZhjadqlvf>ef`qlXZa^Fv  abXZI 2i qFp#M?VGaVtWM9p^WtWM9t m  Mvf^  ^F]WXuqlav$qXZav)U+XZhjaqFvfFef`dqCXjab^>v Ak,j abXZI¤]-^Fefv_tfqlhjU©])U|tfM#`MXZavfXjIfM¡hZ^)^FX
FM#hZXZM#§|qlv_t|abXjV
abvKp#atfM#v2X
M?tW>M?V? >ÊaXuV
VZa%p?M k adV
qCX
L+^2VmX
1
4
lg m
XZIfM?v
Ak,j
aV¢qCql`adtXjabv)UXjhZadqlvKFef`dqCXjab^>v­[HIKM#v  M¡p^>vKVYXZhjeKpX Aexplicitk,j
qFvKt  M¡VmXj^FhjM[q
s-^Fav2XZM?hXZ^+XZIKM¢M§Wsf`ap#aXohjM#sKhZM9VYM?v>XuqCXjab^>v­ A XZIfM?h  adVYM 1
4
lg m < k
qlvKt  M
VY¬)as$XjIfadV  ^>hjt­fVYavKpM¢abX
U)aM#`dtfVqXZhjaqFvfFeK`qlXZa^Fv  aXjI$Xj^)^[L¡qFv2UqFpM9V#
iqF`badtXjhZadqlvKFef`dqCXjab^>vKVqlhjMQVZ^FhZXZM9tav$avKphjM?q>VYavf[^FhutWM#hG^lVYaip#MQXj^[sKhZ^WtWeKp#MQXZIfMQXjqF]f`M?V
Ai
fM?q>puI
p#^Fv2XjqFabvKabvfql``XZhjaqFvfFef`dqCXjab^>vKV\^FGVZa%p?M
i

HIfM9VYMXjqF]f`M?VqlhjMav©Xjefhjv|qlhjMVZ^FhZXZM9tav|`M§Wadp^F>hjqFsfIfadp
^>hjtfM#h^l_XZIfM\p#^FhjhZM9VYs-^FvKtfabvfQ]favKqlhjU  ^Fhut HIfM^>hZaFavKqF`2]KabvKqFhZU  ^FhutfVqlhjMVmXj^FhjM?tabv+qlv+qlef§)a`aqFhZU
Xuql]f`M
Acodei
 
M?p#^)tfabvfq  ^FhutQhZM9c2efabhjM?V O(i) ≤ O(lg m) XZaL+MF9XZI)eKVXjIfMp#^>VYX  ^FhHql]f`M Ai adV O(
(
4i−2
i−1
)
lg m) =
O(23.24i lg m)
qlv_tqCôXjM#h¦VZefL+L+abvK
^Fv
i
XZIKM  If^>`bMop#^FvKVYXZhjeKpXZa^Fvp^2VmX¦aV O(m3.24 14 ) = O(m0.81) N)^>hYXjabvKCql`at XZhjaqFvfFeK`qlXZa^FvKV$qFp#p#^FhutWavf¥XZ^XZIfM?abhVZa%p?MXuql¬FM9Vav ^C>M#huql``
O(‖A‖ lg ‖A‖) =
O(m
1
4
2.175 lg m)
XjabL+M>
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Ai
¿uÂ0Æ\Å5·9Á¹5¸
mÁ¼xwf¿uÂ\ÁYýºÁmÓÁmÂÅ ¸º¹
O(lg n)
¿u¹w¼½
Ai
Ô#Å3·?Ã0¹­ú)ÁmÓÓ\¿ 
¿uÄ0Ä0ý Ç¿uýº¹5¼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Â9ÁYÁmÆ0ÁmÆuwb¼½
Acodei
v
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Bpq
	x  

W  
O(m
1
4 lg m)
  =g
 o,g V ^FhHqF]f`bM
A
fXjIfaVosfIKq>VYM¢adV]Kq>VYM9t$^>vXZIfM¢M#§)I_qleKVYXZaFM¢M?v2eKL[M?hjqlXZa^Fv^lDql``­]fabXY£ÊFM9pXZ^>hjV
^Fiq¡FaFM?vVYaip#MqFvKt  M#aFI2X? \2qlav`bM#XeKV\«f§ p, q ≤ 1
4
lg m
qFvKtqlsKsf`bU$XZIKMsfhjM#)a^FeKV\qF`b>^FhjaXjIfL
 ^>h
`M§Wap#^F>hjqFsfIfadp>M#vfM?hjqlXZa^Fv^l\ql``]KabvKqFhZU  ^>hjtKV^l\VYaip#M p qlvKt  M#aFI2X q HIfMp^>vKVYXZhjeKpXjab^>v^FGqFv©M§Wsf`adpabXhjM#sKhZM9VYM?v>XuqCXjab^>v|qFVtWM9VZp#hZa]-M?tavN)M?pXZa^Fv|z$Xuql¬>M?V
O(lg m)
XZaL[Mnm¢VYavKpMXZIKM#hjM+qFhZM
qlXL[^2VmX
2
1
4
lg m ]KaXZ£5>M?pXj^FhuV#  MvfM#M9t O(m 14 lg m) XZaL+MXZ^¡p^>L+sfeWXZMQXjIfM?VZM¢hZM?sfhjM?VZM#v2XjqlXZa^FvKVGqlvKtVYXZ^>hZM[s-^Fav>XjM#huVXZ^$XZIfM?LSavHql]f`M
Bpq
­XZIfM+^FhjaFavKql`]fabX¢FM?pXZ^>hadV¢VmXj^FhjM?t©abv¤qlv¤qleW§Wa`badqlhjUXjqF]f`bM
Bcodepq
 
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O(m)
  =g
 o,g HIKM+XZhjaqFvfFef`dqCXjab^>v
T
adVtfM?p^>L+s_^2VYM9t|av¥VYL¡qF`b`qFvKtXZav)UXjhZadqlvf>ef`dqCXZa^Fv_Vabv
O(m)
XjabL+M
q5N)M?pXZa^Fv K {Kb}=rDXjIfM#v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Pef`XjabsK`bMQqlhup#VqFhZMqFtWL+abXYXZM9t WqFV  M?`b`-qFV¦`b^)^Fs_V#>]feWXGqFpM9ViIKq0>MotWM?FhjM#M ≥ 3 ]_M9p#qFeKVYM\XZIfM?hZMaV^Fvf`U^>vfM¢qlhupQs_M?h\VYadtWMF
! ^>vKVmXjhZe_pXZa^Fv^l
F
adV\VZabL+a`qFh?
 	  	    ³ 
  © ¯ f´´ ¯ ? ¯ / 
A
 ´
B
A vKM¦phjeKp#aqF`>qFVZs-M?pX^lWXjIfadVsKIKqFVZM¦p#^FvKp#M#hjvKV XjIfM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P^>hZMQsfhjM?p#aVZM#`U  MqlhjMQabv2XZM?hZM9VmXjM?t$abv$XZhjadqlvf>ef`qlXZa^FvKV¦^lqs-^F`U)F^>v  abXZIabv2XZM?hZa^Fhs-^Fav2XjVVYe_puIXjIKqCXXjIfM#hjM
qlhjMQvf^¡Lef`bXZasf`M¢M?tW>M?V]fefXp^>hjtfVG^FXjIfM¢s_^>`bU)>^FvqlhjMqF`b`^  M?t  ­M#X T bp
]-MXZIfM
VZMX\^F
XjIfM?VZM\XjhZadqlvKFef`dqCXjab^>vKVDXjIKqCXqlhjM\L¡qFtWM^l
p
XZhjaqFvfF`M?ViqFvKt
T bk,p
]-MoXjIfMVZef]KVZMXG^l­XjIfM?VZM\XjIKqCXGIKq0FMoq
]-^FeKvKtfqlhjUs-^F`U)F^>v[^FVYaip#M
k
 A ]_VYM?hZ>MXZIKqlX
p = 2n+k
a
n+1
tWM#vK^lXZM9VDXjIfMov)efL]_M?hi^l­av2XZM#hjvKqF`
>M#hZXZadpM9V#
PeK`b`abvsfhj^CFM9t¡XjIfM ^F``b^  avf[ ^FhjLeK`q :b}0=<m
|T bk,2n+k| =
2 · (2k − 3)! (2k + 4n − 1)!
(k − 1)! (k − 3)! (n + 1)! (2k + 3n)!
,
qm}=r
>Ùvsfhjabv_pasf`bM+^>vfM¡VYIf^>ef`dt©]-M¡ql]f`M[XZ^tWM#hjaFM+q$]-^FeKvKt
|T bn|
 hj^FL XZIKaV¢^>vfM[]2U|VYefL+L¡qCXjab^>v­ >ÊX¢aV
IK^  M?FM#hVYaL+sf`bM?hXj^©hjM?tWM?hZaFM+XjIfMhZM9VYef`bXavXjM#hjL ^F\FM?vfM#huqCXjabvf efvKpXjab^>vKVomtWM«KvKMXZIKM ^>hZL¡ql`
s-^  M#hVYM?hZaM?V F (u, v) qlv_t fk(v) ])U
F (u, v) =
∑
p,k
|T bk,p|u
kvp =
∑
k≥3
fk(v) u
k.
A ]_VYM?hZ>MXjIKqCXXZIfMv2eKL]-M#h
|T bp |
qFhZMXjIfMp^)M#¡p#abM?v2XjV\avXZIKMHq0U2`^FhM#§WsKqlvKVZa^Fv^l
F (1, v)
abvXjIfM
CqFhZadql]f`M
v
 tWM?p#^FL+s-^>VZaXjab^>v^F¦XjhZadqlvKFef`dqCXjab^>vKV])U©hj^2^FXY£ÊM?tW>M[tfM#`MXZa^Fvcq,: KN)M9pW lfºyb< rU2aM#`dtfV
XjIfM¢M?c2eKqlXZa^Fv
F (u, v) =
v
u
(u2 + F (u, v))2 +
v
u
(F (u, v) − u3f3(v)) − vF (u, v)f3(v).
q5
r
Î ÷ø­ÎôÌ
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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 ¦c>e_qCXZa^Fv
p#qFv]-MVZ^F`FM9t¡])UXjIfMVY^F£Êp?ql``bM9t¡c>e_qFtWhuqCXjapL+M#XZIf^Wt q,: KfN)M?pW lf}< r2hZM9VYeK`XjabvfabvXZIfM
 ^>`b`^  avfM§WsfhjM?VjVZab^>vKV#  IfadpuI|qlhjM
M9c>eKabCql`M#v2XXZ^Pef``bav  V\ ^>hZLef`qm`bM#X t ≡ t(v) ]_MXZIfM[efvfadc2efMVZ^F`eWXjab^>vqFvKql`U2XZadpav p#M#hj^+^lXZIfM¢M9c>e_qCXZa^Fv
t(v) = 1 + v2t(v)4.
HIKM#v
f3(v) = v (2t
2 − t3)
qFvKt
F (1, v) =
1
2vt2
(2 − 3t + 3vt2 +
√
1 + 7t − 9t2 − 4vt2 + 6vt3 + 4vt4).
NWabvKp#M
F (1, v)
adViqlv_ql`U>XjapqlXDXZIfM^>hZaFav+qlvKt+VjqCXZadVY Uqlv¡qF`b>M#]fhuqladpM9c2eKqCXjab^>v­Fq¢VYXjqlv_tfqlhutqFsfsfhj^>q>puI
Xj^$VYXZeKtfUaXuVQp#^)MpaM#v2XjV q g og XZIfM[v)efL]-M#huV^liXjhZadqlvf>ef`dqCXZa^Fv_V radVQ]KqFVZM?t^FvXjIfM+qlvKqF`bUWVZaVo^labXjV
tf^FL+abv_qlv2X+VZavfFef`dqlhjabXmUF A vXjIfM^FvfMIKqlv_t iXjIfM eKvKpXjab^>v
t(v)
IKqFV+qtW^FL+avKqlv2X¡VYavf>ef`qFhZabXmU¤abv
v = ρ = 33/2/24
fqCX  IfadpuI t(ρ) = 4/3  A vXZIfM^FXZIfM?hGI_qlvKt )XjIfM¢VZc2eKqFhZMhZ^)^FXGavXjIfMM§WsfhjM?VjVYa^Fv^F
F (1, v)
U)abM?`tfVoqlvf^FXZIfM?hoVYavf>ef`qFhZabXmU+ ^Fh
v = σ = 26/172
  abXZI t(σ) = 17/16 iN)avKpM σ < ρ  σadVGXZIKM
tW^FL+avKqlv2X\VYavf>ef`qFhZabXmUF >ÙvXZIKM¢vfM#aFI)]-^FhjIf^)^)t^l
σ

F (1, v)
IKq>VVYavf>ef`qFhM§WsKqFvKVYa^Fv
F (1, v) =
7
8
− c
√
1 − v/σ + O((1 − v/σ)3/2).
VYavf[XZIKaVM#§WsKqlvKVZa^Fv$qFvKtHIfM#^>hZM?L : 9WKHIfL U>,> 9<  M¢^F]fXjqlav
|T bp | = c
′σ−pp−3/2(1 + O(1/p)),
qFvKtXjql¬)avf[XZIfM¢`^F2qlhjaXjIfL
lg |T bp | = p lg(1/σ) −
3
2
lg p + lg c′ + O(1/p).
>Ùvp#^FvKp#`beKVZa^FvXjIfM#hjM¢M§WadVmXuVq+p^Fv_VmXuqlv2X
c′′
VYe_puIXjIKqCX ^>h\ql``
p ≥ 1

lg |T bp | ≤ p lg(1/σ) + c
′′ ≤ 2.175 p + c′′.
! ^>L]favfavf+v)efL+M#hjap?ql`puIfM9pu¬¡ ^Fh\«KhjVYXXZM?hZL¡V\qFvKthZM#«KvfM9tqFtftWabXZa)aXmUqlhjFefL+M?v>XuV#W^>vfM
p#qFvpuIfM?pu¬
XjIKqCXXjIfM
p^>vKVYXjqlv2X
c′′
p#qFv]_M¢avq>pXXuql¬FM?vXj^+]_Mp?M#hj^m
¦¯ 
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22.175p
g
Hql]f`M¥}p^>v>XuqlavKVXZIfMv)efL]_M?h¡^lQXZhjaqFvfFeK`qlXZa^FvKV ^Fh
p = 1..30
GqlvKtªabXjV
lg
p^>L[s_qlhjM?t¥Xj^
2.175p

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* +,*  1!1$H P5`U4/^ 4/]x.3RTHI1'4.0/
HIKMGsKhZ^>s_^2VYM9tVYXZhjeKpXjefhjMGhjM#sKhZM9VYM?v>XuV^Fvf`U
XjIfM\p^>vfvfM?pXZa)aXmU
^FKXjIfMXZhjaqFvfFeK`qlXZa^Fv­ A vfML¡q0U  qFv2XXj^oqCXZXjq>puIQavW ^>hZL¡qCXjab^>vXZ^\>M#hZXZadpM9V ^Fh XjhZadqlvKF`M?V?9VZeKpuI
qFV­FM#hZXZadpM9V­p^)^>hjtWavKqlXZM?V0q ^Fhp^>`b^>hjV?#? r­HIKaV
øø Âyzx{||
}   V# #@  #i  	= # #%x
 	
U
p |T bp | lg |T
b
p | 2.175p
1 1 1 2.175
2 2 2 4.350
3 6 4 6.525
4 19 6 8.700
5 66 8 10.875
6 236 9 13.050
7 877 11 15.225
8 3321 13 17.400
9 12840 15 19.575
10 50302 17 21.750
11 199657 19 23.925
12 800152 21 26.100
13 3235923 23 28.275
14 13182456 25 30.450
15 54063790 27 32.625
p |T bp | lg |T
b
p | 2.175p
16 222991801 29 34.800
17 924533609 31 36.975
18 3850615992 33 39.150
19 16104053458 35 41.325
20 67600318577 37 43.500
21 284729605627 40 45.675
22 1202959079012 42 47.850
23 5096769502458 44 50.025
24 21650252797852 46 52.200
25 92186861004044 48 54.375
26 393399791627096 50 56.550
27 1682246653890199 52 58.725
28 7207306601612326 54 60.900
29 30933464929153561 56 63.075
30 132985945811160992 58 65.250
Hql]f`M+}
mDabhuVmX\CqF`befM9V
VZIf^>ef`t]-MtW^>vfM¢])U$qFtKtWabvK+XZIfM¢avW ^FhjL¡qCXjab^>v$Xj^¡vf^WtWM?V\^l
G
¦K^Fh\avKVYXjqlv_pM¢^FvfM
p?qlvqFtKtXj^
Gi,jqXjqF]f`bM
Gcoordinatei,j
tWM9VZp#hZa]favfXjIfMp#^)^FhutWabv_qCXZM9V^F\XZIKM$>M#hZXZadpM?V^l
T T i,j
HqF]f`bM
Gcoordinatei,jp#^Fv2XjqFabv_ViXjIfM¢p^)^FhutWavKqCXjM?Vi^FqF`b`-XZIKMav2XZM#hjvKqF`->M#hZXZadpM9V^F
T T i,j
qFvKtq[VYM?`bM9pXjab^>v^laXuV]_^>efvKtfqFhZU
>M#hZXZadpM9V# VZ^XZI_qCXFM#hZXZadpM9Vo`U)abvK$^>vXZIKM[VZatfM]-MX  M#M?vX  ^Xjabv)UXZhjadqlvf>ef`qlXZa^FvKVqlhjMVYXZ^>hZM9t^Fvf`U
^>vKpM> >ÊX¡L¡q0U¥IKqFsfs_M?vªXZIKqlX+>M#hZXZadpM9V]-M#`^FvKFavf©Xj^¤L[^>hZM$XZI_qlvX  ^XZav)U¥XZhjadqlvf>ef`qlXZa^FvKVIKq0>ML+^>hZMXZIKqFv^>vfM¢p^Fs)UmXZIfadVtW^)M?Vvf^FXGhjM?qF`b`U¡avKphjM?q>VYMoXZIfM
VZsKqFp#Me_VYM9t )]_M9p#qle_VYMabX^Wp?pefhuVqCXL[^2VmX
O( m
lg m )
XjabL+M?V q XZIfM¡qlhjFeKL[M?v2XadVQVZaL[a`dqlhXZ^$XZIfM+^FvKMeKVZM?t©abv|XZIfM+qlv_ql`U)VZadVo^FFhuqlsfI
G
r fqFVZap
p#^FL+sfhjM?VjVYa^Fv$^Fv$XZIfM9VYM
p#^)^FhutWabv_qCXZM9Vp#qlv]-M¢^F]WXuqlavfM?t$])UFa)abvf[XjIfM#L abvq hjqFL+MQ`^Wp#qF`XZ^
Gi,j

* +&B  SU1'4,RTHVF,41  0DG3Z!7UZXP F,HVZ[Z\.] 1$34,H /U^07UF,HI1$4,.0/UZ
A eKhVYXZ^Fhuql>M¡aV^FsfXZaL+qF` ^>h
XjIfM$p#`q>VZV^lXZhjadqlvf>ef`qlXZa^FvKV  aXjI]-^FefvKtKqlhjUF  IfadpuIU)abM?`tfVXZ^©XZIfM
fb}C~ly]faXuVs_M?hQXZhjaqFvfF`MF A XZIfM?h  ^Fhj¬WVo^FôXZM?v|eKVZM[XZIfM¡p#`q>VZVQ^l¦XZhjaqFvfFeK`qlXZa^FvKV  If^>VZM[]_^>efvKtfqFhZU
adV¡q©XZhjaqFvfF`M qôXZhjadqlvf>ef`qlXZa^FvKV^lq¤{Ft)£ÙVYsKIfM#hjM=r  IfadpuIªqF`b`^  VXZ^¤`bavf¬VYXZhj^FvKF`U¤XZIfMv)efL]-M#h¡^FXjhZadqlvKF`M?V¢qlv_t©XjIfM¡v)efL]-M#h^lFM#hZXZadpM9V# >Ùv¥VZeKpuIXZhjaqFvfFeK`qlXZa^Fv­ XjIfM^>sWXZaLefL aV{fºCz]fabXjV¢s-M#h
>M#hZXZM#§^>hoM?c2efaCql`M#v2XZ`U¤}F 9>[]fabXjVQs-M#hoXZhjaqFvfF`MF ! ^Fefv2XZavfavv)efL]_M?h^Fi]faXuVos-M#hQFM?hYXjM§abv|^Fefh
VYXZhjeKpXZefhjMaVtWabpef`bXVZabv_pMQXZIfM¢>M#hZXZadpM9VGp?qlv]_M
VZIKqFhZM9t])UVZM#>M#huql`-XZav)UXZhjadqlvf>ef`qlXZa^FvKV?
* + 0  /HVR 4,P 7US JHI1$DGZ
>Ùvµq ^>hYXjIKp^>L[avf¤sKqFs_M?h  M  a``\M§Wsf`dqlav If^  XjIfadVVmXjhZe_pXZeKhZMp?qlv ]_M©L[^WtWab«KM9tXj^ql``b^   ^Fh
avKVZM#hZXZa^Fv¡^F­vfM  >M#hZXZadpM9V# 
KabsqlvKttWM#`MXjab^>v^l­>M#hZXZadpM?V^ltWM?FhjM#Mo{abvVYeK]W£5`avfM?qFhiXZaL+MF)av^FhutWM#hXj^+L+qF¬FM¢tWU)vKqFL[adpQefstfqCXjM?V^FXjIfMQXZhjaqFvfFef`dqCXjab^>v$s-^>VjVZab]f`MF
Î ÷ø­ÎôÌ
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* +  3'HVPW1'4,PHVF 4RTS8FDKR DK/01$HI1'4.0/
HIKMohjM?VZef`X¦IfM#hjM\adVL¡qlavf`U[XZIfM?^FhjMXZadp#qF`&ma
m
adVi^>vfMo]fa``ba^Fv­ 1
4
lg m
aV¦^Fvf`U~)	\^  M#>M#hDXjIfMoCql`efM
1
4
aVpuIf^2VYM?vXj^¡M#vKVZefhjMQXZIKqlXXZIfMXuql]f`M
A
p#qlv]-M
p^>vKVmXjhZe_pXZM9tavVYeK]f`bavfM9qlhXZaL+M
mD`^)^F¬)abvK+qlXXZIfM
q>pXjeKql`Dv)efL]_M?h
^lGXZhjaqFvfFeK`qlXZa^FvKV  abXZI p qFp#M?V ^>h
VYL¡qF`b` p ^FvKMp#qlv¤puIfM9pu¬XZI_qCXp^>vKVYXZhjeKpXjabvfXjIfMXuql]f`M\^l­qF`b`KXZav2UXZhjaqFvfFeK`qlXZa^FvKVDeKs+XZ^VZa%p?M
}?{adViq>pXZe_ql``bU[]_M\ M?qFVZa]f`bM>K>Ùv¡s_qlhZXZadpef`dqlhHql]K`bM 
p?qlv]-M¢p^>L[sKeWXZM9t^Fv_pMqFvKt¡ ^>hql``-qFvKtVYXZ^>hZM9t |MQabv2XjM#vKtXZ^[abL+sf`M#L+M#v2X\qlv_t¡XZM9VmXq[VYaL+sf`bab«KM9t
>M#huVYa^Fv¡^F­XZIKaV  ^Fhj¬-2])U+>qCXjIfM#hjavf
XjhZadqlvf>`bM9ViavVZL¡ql``_>hZ^>efsKV^l{XZ^¡yXjhZadqlvf>`bM9V¦qFvKt¡L¡ql¬)avfq
L¡qFs$^FXjIfM?VZMFhj^FefsKV?
  C$	G
:b}< nfG`dqlvW ^>hjt­2n[nfG`M#``b^WpuI­>qlvKt > ¢q>VYI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!  fsKqFFM?V{Fz2W{>yf}FWlF>{f
: <j_ £ fG^FadVZVZ^FvKvKqCX9 A  oM?2a``bM?hjV?_Nfgab^>v­KP¥KHM#a``qFeKt KqFvKtP¥WOi)abvKM?pl¦HhjaqFvfFeK`qlXZa^FvKVGav
! n  i  UW"$g  x g  'x   
#%g ->$mºy}olf)l>>W
: {<QO[ £ÙH ! Ifadqlvf_ !  £ !  abvqlvKt 
 £>­e A hutWM?hZ`UVZsKqFvfvfavfXjhZM?M?V  aXjIqlsKsf`badp#qlXZa^FvKVXZ^
>hjqFsfIM#vKp#^)tfabvf¡qFvKt>hjqFsfItWhjq  avf_    )sKql>M?V\yF
9	fyW}0yW2FFK}F
: z
<¢r
 !  £  ! I)eKqFvfK 
GnqlhjK
 \M>GP £5O ¢qF^KGqlvKt 
 £> ­e­ ! ^>L[s_qFpX¡M?vKp^WtWavf>V+^F
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